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Abstract
Noncommutative geometric construction of gravity in the two sheeted spacetime
can be viewed as a discretized version of a Kaluza-Klein theory. In this paper,
we show that it is possible to incorporate the nonabelian gauge fields in the same
framework. The generalized Hilbert-Einstein action is gauge invariant only in
two cases. In the first case, the gauge group must be abelian on one sheet
of spacetime and nonabelian on the other one. In the second case, the gauge
group must be the same on two sheets of spacetime. Actually, the theories of
electroweak and strong interactions are exactly these two cases.
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Noncommutative geometry (NCG) was proposed by Connes [1] as a new
concept of spacetime. In particular, NCG can treat the discrete dimensions on
equal footing with the continuous ones. In spite of its initial success in applying
this idea in the Standard Model [2], the progress in constructing the Einstein
theory of gravity based on NCG has not been as straightforward. Gravity
coupled to Yang-Mills gauge and Higgs fields can be derived from the spectral
action [3] in a perturbative expansion, however the full physical content of the
theory are not transparent form the first principles, it must be introduced by
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hand in the Dirac operator. In the most recent reviews on the matter [4],
while the technical aspects are developed impressively, the physical contents
have not been addressed at the same level. Hence, the idea of NCG has not
been widely known in the recent developments of modified gravity to address
the cosmological problems [5].
In 1993, Chamsedine, Felder and Fro¨hlich [6] have made the first attempt
in constructing gravity in noncommutative space-space. Specialized in the ordi-
nary space-time extended by a discrete space-like extra dimension consisting of
two points, which was original proposed by Connes and Lott [2], this construc-
tion has resulted in a rather disappointing no-go theorem, stating that the most
general NCG in the Connes-Lott’s spacetime leads to no new physical content.
In 1994, Landi, Viet and Wali [7], have overcome the no-go theorem and
succeeded in constructing a generalized Einstein-Hilbert action in Connes-Lott’s
spacetime leading to the zero mode spectrum of Kaluza-Klein theory [9]. This
result has inspired Viet and Wali to utilize the idea of using NCG as a discretized
version of Kaluza-Klein theory [8]. In the most general form of this theory the
gravitational, vector and scalar fields emerge in pairs. In each pair, one field
is massless and the other one is massive. Chamsedine-Felder-Fro¨hlich’s [6] and
Landi-Viet-Wali’s [7] models are just special cases of this general framework.
The advantage of the discretized Kaluza-Klein theory over the usual one is
that it does not contain finite towers of massive fields, which can lead to both
theoretical and observational inconsistencies.
In 1968, R.Kerner [10] has shown that nonabelian gauge fields can be in-
corporated into the Kaluza-Klein theory as components of gravity. Landi-Viet-
Wali’s model cannot be generalized to the nonabelian case, because it does not
contain the quartic terms of the vector fields.
In this paper, we show that it is possible to generalize Viet-Wali’s construc-
tion with minor modifications to include covariant action of nonabelian gauge
fields as parts of the generalized Hilbert-Einstein action. It is interesting that
the gauge invariance can be kept in some specific choices of gauge groups. Actu-
ally, the gauge theories of electroweak and strong interactions can fit into these
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cases. Moreover, the gauge fields are then all massless. They will acquire masses
when Higgs mechanism is turned on leading to a unified theory of all the known
interactions and Higgs fields in the recent paper [11].
Let us follow the steps of [8] to construct the model. The spectral triplet of
NCG is given as follows
i) A Hilbert space which is sum of two Hilbert spaces H = HL ⊕HR. Thus,
the spinors in our model are direct sums of two spinors of the 4-dimension and
represented as follows
Ψ =

ψL
ψR

 , (1)
where the sub-indexes I = L,R are used to denote the the chiral spinors.
ii) The algebra A = AL ⊕AR, where AI = C∞(M4). So, the elements of A
can be represented as the diagonal 0-form matrices F as follows
F (x) =

fL(x) 0
0 fR(x)

 , (2)
where fI are real functions, which are elements of AI . The 0-forms can also be
represented as elements of Z2 algebra as follows
F (x) = f+(x)e+ f−(x)r , f±(x) =
1
2
(fL(x) ± fR(x)), (3)
where
e =

1 0
0 1

 , r =

1 0
0 −1


e
2 = r2 = e , er = re = r (4)
iii) A self-adjoint Dirac operator D = d.e + Θ, where d = γµ∂µ is the usual
Dirac operator and D2 = dΘ + Θd = Θ2 = 0. Thus, D is represented on the
Hilbert space A as follows
D = DXMDM = DX
µ∂µ +DX
5σ†D5
DXµ =

γµ 0
0 γµ

 , DX5 =

 0 iγ5
−iγ5 0

 , (5)
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where µ = 0, 1, 2, 3;M = µ, 5, γµ and γ5 are the usual Diract matrices, which
represent differential elements of M4 in the above representation. The action
of D5 on the 0-forms F is defined as follows
D5F (x) = m(fL(x) − fR(x))r = 2mf−(x)r, (6)
where m is a mass dimensioned parameter. The derivation defined in Eq.(6)
satisfies the Leibnitz rule
D5(FG) = D5F.G+ F.D5G (7)
The action of the Dirac operator D on the 0-forms F give the closed 1-forms
DF as follows
DF (x) =

 df1(x) −2imγ5f−(x)
2imγ5f−(x) df2(x)

 (8)
The algebra of 1-forms of this NCG must be defined as an extension of the
set of closed forms in Eq.(8) to the right module over A as follows
U(x) =

γµuµL(x) γ5u5L(x)
γ5u5R(x) γ
µuµR(x)

 = DXµUµ +DX5U5 (9)
where Uµ and U5 are real 0-forms defined in Eq.(2).
To define the 2-forms, one have to define the wedge product of two 1-forms to
satisfy the following anti-commutativity condition as in the ordinary differential
geometry
U ∧ V = −V ∧ U
DXM ∧DXN = −DXN ∧DXM (10)
The general 2-forms are defined as the right module over the algebra of 0-forms
S = DXM ∧DXNSMN , (11)
where the components SMN are 0-forms. The wedge product of two 1-forms
can be defined in its components as follows
(U ∧ V )µν = −(U ∧ V )νµ = 1
2
(UµVν − UνVµ)
(U ∧ V )µ5 = −(U ∧ V )5µ = 1
2
(U˜µV5 − U5Vµ), (12)
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where the ”˜” operation is defined as
F˜ = f+e− f−r (13)
The action of the Dirac operator D on a 1-form U will give a 2-form DU with
the following components
(DU)µν =
1
2
(∂µUν − ∂νUµ)
(DU)µ5 =
1
2
(∂µU5 −mU−µ) = (DU)5µ (14)
Eq.(14) is consistent with the De Rham’s condition D2 = 0.
The generalized Riemannian geometry is constructed in the following steps:
1.Step 1: The general curved basis DXM related to the local orthonormal
basis EA(x), A = a, 5˙; a = 0, 1, 2, 3 by the invertible vielbein EAM (x) with the
following transformations
EA = DXMEAM (x) , DX
M = EAEMA (x)
EAM (x)E
N
A (x) = δ
N
M (x) , E
A
N (x)E
N
B (x) = δ
A
B(x) (15)
The inner scalar product of 1-forms U and V is defined as follows
< DXM , DXN >= GMN (x)
< U, V >= U †MG
MN (x)UN (16)
It is always possible to choose the vielbein coefficients EAM (x) so that the basis
EA satisfies the following locally flat condition
< EA, EB >= ηAB = diag(−1, 1, 1, 1, 1) (17)
Applying Eq.(16), we can express the locally flat condition (17) as an expression
of metric in terms of vielbein as follows
GMN (x) = EMa (x)η
abENb (x) + E
M
5˙
(x)EN
5˙
(x) (18)
2.Step 2: Without any loss of generality, one can generalize Viet-Wali’s vielbein
as follows
Eaµ(x) =

eaµL(x) 0
0 eaµR(x)

 , E5˙5 =

φL(x) 0
0 φR(x)

 ,
5
E5˙µ(x) = −

aµL(x)φL(x) 0
0 aµR(x)φR(x)

 , Ea5 = 0, (19)
where aIµ(x) = a
i
IµT
i
I , i = 1, ..., nI are nonabelian gauge fields and T
i
I are
generators of the gauge group GI .
The inverse vielbein matrix elements are derived from Eq.(15) as follows
Eµa (x) =

eµaL(x) 0
0 eµaR(x)

 , Eµ
5˙
(x) = 0,
E5a(x) = −Eµa (x)Aµ(x)Φ−1(x), E55˙ = Φ−1(x) (20)
The metric and its inverse can be calculated from Eqs.19) and 20) using the
following relations
GMN = EMA ηABENB (21)
GMN = EAMηABEBN (22)
3.Step 3: The Levi-Civita connection 1-forms ΩAB are defined with the co-
variant derivative
∇EA = EB ⊗ ΩAB, (23)
The Levi-Civita connection is called metric compatible if it satisfies the condi-
tion
Ω†AB = −ΩBA (24)
The metric compatibility condition (24) leads to the following restriction on the
components
Ω abc = − Ωbac,
Ω ab5˙ = − Ω ba5˙ = ω ab5˙e ,
Ω a5˙b = − Ω 5˙ab,
Ω a5˙5˙ = − Ω 5˙a5˙ = ω a5˙5˙e,
Ω 5˙5˙a = Ω 5˙5˙5˙ = 0 . (25)
4.Step 4: The Cartan structure equations can be generalized as follows
TA = DEA − EB ∧ ΩAB (26)
RAB = DΩAB +ΩAC ∧ ΩCB (27)
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It is shown in Ref.[8, 12] in order to determine Levi-Civita connection and the
torsion in terms of vielbein coefficients from the the first structure equation
(26) and the metric compatibility condition (25), one must impose the following
constraints
Tabc = Tab5˙ = 0 , T5˙AB = t5˙ABr. (28)
From now on we will specialize with the ansatz
Eaµ(x) = e
a
µ(x)1 , Φ(x) = φ(x)1,
Aµ(x) = a+µ1+ a−µr =

aµL(x) 0
0 aµR(x)

 (29)
The Levi-Civita connection 1-forms can be calculated explicitly as follows
Ωabc = ωabc (30)
Ωab5˙ =
1
4
eµae
ν
bφ(Fµν + F˜µν +m[A˜µ −Aµ, A˜ν −Aν ]) (31)
Ω5˙bc = −
1
4
e
µ
be
ν
cφ(Fµν + F˜µν +m[A˜µ −Aµ, A˜ν −Aν ]) (32)
Ω5˙b5˙ = e
µ
b
∂µφ
φ
(33)
Then it is straightforward to calculate the curvature tensor in terms of the
Levi-Civita connections using the second structure equation (27).
5.Step 5: The generalized Ricci scalar curvature is given as follows
R = Tr(ηACηBDRABCD), (34)
where the trace is taken on both Z2 and nonabelian group indices. The gener-
alized Hilbert-Einstein’s action is defined as follows
S =
1
16piGN
∫
dx4
√
−det|g|φ(x)Tr(R), (35)
where GN is the Newton constant.
It is straight forward to calculate the Ricci scalar curvature in terms of
gravity, nonabelian gauge fields and Brans-Dicke scalar φ as follows
R = R4 − 2φ
φ
+ Lg (36)
Lg = −1
4
φ2gµνgρτ fˆµν fˆρτ , (37)
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where  = gµν(x)∇µ∂ν and ∇µ is the covariant derivative and
fˆµν = ∂µa+ν − ∂νa+µ + 2m[a−µ, a−ν ], (38)
The Ricci scalar curvature in Eq.(36) is gauge invariant only in the following
cases:
a. Case 1:
aµR =
1
M2
Bµ(x) , aµL =
1
M1
(Bµ(x)− M1g
m
Wµ(x))
a−µ =
M2 −M1
2M1M2
Bµ(x) − g
2m
Wµ(x)
a+µ =
M2 +M1
2M1M2
Bµ(x) − g
2m
Wµ(x) (39)
where Bµ(x) is an abelian gauge vector and Wµ(x) = W
i
µ(x)T
i are nonabelian
gauge vectors, M1 and M2 are two mass parameters.
fˆ =
M2 +M1
2M1M2
Fµν +
g
2m
Gµν
Fµν = ∂µBν − ∂νBµ
Gµν = ∂µWν − ∂νWµ + g[Wµ,Wν ] (40)
The gauge part Lg in the Hilbert-Einstein action in Eq.(35) now can be calcu-
lated in terms of the physical field strengths as follows
Sg =
∫
dx4
√
−detg − 1
4
(F 2 +G2) =
1
16piGN∫
dx4
√
−detg − 1
4
(
(M2 +M1)
2
4M21M
2
2
F 2 +
g2
4m2
G2), (41)
Hence we have the following relation between the parameters
g = 8m
√
piGN ,
M2 +M1
M1M2
= 8
√
piGN (42)
The gauge action (41) is gauge invariant.
Let us specialize with the abelian gauge group U(1) and the nonabelian one
SU(2). The coupling of the gauge fields to the chiral spinor matter fields is
given in the following action [13]
Sg−Ψ =
∫
dx4
√
−det|g| < Ψ|γaeµa(x)iAµ|Ψ > (43)
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which reduces to the following action of the electroweak gauge fields coupled to
the chiral quarks and leptons
Sg−Ψ =
∫
dx4
√
−det|g|(< ψ′R|γaeµa(x)ig′Bµ|ψ′R >
+
i
2
< ψ′αL |γaeµa(x)g′Bµδβα − gW iµ(x)(σi)βα|ψ′Lβ >, (44)
if we define the chiral spinor fields as follows
ψ′L =
√
2
g′M1
ψR , ψ
′
R =
1√
g′M2
ψR (45)
and the following relation between m and M1 must hold
m = 2M1 (46)
b. Case 2: Let us consider the following physical nonabelian gauge field
Cµ(x) = C
i
µ(x)λ
i, which are introduced via following relations
aµL(x) =
1
M3
Cµ(x) , aµR(x) =
1
M4
Cµ(x) (47)
a±µ(x) =
M4 ±M3
2M3M4
Cµ(x) (48)
Hence, we have
fˆµν =
M4 +M3
2M3M4
Hµν
Hµν = ∂µCν(x)− ∂νCµ(x) + g[Cµ(x), Cν(x)] (49)
where the nonabelian gauge coupling constant g is
g =
m(M4 −M3)2
(M4 +M3)M3M4
(50)
The gauge action in the generalized Hilbert-Einstein action is
Sg =
∫
dx4
√
−det|g| − 1
4
H2 (51)
if the following relation holds
M4 +M3
2M3M4
= 8
√
piG (52)
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The action term coupling the gauge and spinor fields is given as follows
Sg−Ψ = ig
∫
dx4
√
−det|g|Tr < Ψ|γaeµa(x)Aµ(x)|Ψ >
= ig
∫
dx4
√
−det|g|(< ψ′αL |Ciµ(x)(λi)βα|ψ′Lβ >
+ < ψ′αR |Ciµ(x)(λi)βα|ψ′Rβ >), (53)
where (λi)βα matrices are a representation of the nonabelian gauge group’s gen-
erators and we have redefined the spinors with the physical ones as follows
ψ′L =
1√
M3
ψL , ψ
′
R =
1√
M4
ψR. (54)
If we choose the color SU(3) as the nonabelian gauge groups, then the action
(51) becomes the action of QCD [14] coupled to gravity. The chiral spinors now
can be choosen as quarks with the color indices α, β = r, b, y. The action Sg−Ψ
has a chiral symmetry SU(3)XSU(3) as QCD does in the chiral limit.
Let us summarize the results and discuss the physical content of our model.
In this paper, we have successfully constructed the generalized Hilbert-Einstein
action of two sheeted noncommutative spacetime M4 × Z2. The action can
contain covariant terms for nonabelian gauge fields in only two cases. In the
first case, the gauge group must be abelian on one sheet, which can be applied
for the gauge theory of electroweak interaction. In the second case, the gauge
groups must be the same in both sheets, which can be applied to the QCD. In
some sense, NCG can explain why the strong interaction has the chiral symmetry
SU(3)×SU(3) and the nonabelian SU(2 gauge fields do not couple to the right
handed chiral spinor fields.
Our model also implies some relations between the Newton constant, weak
coupling constant and the mass dimensional parameters of the model, which are
very similar to the results obtained in some previous works on different context
[15]. The physical interpretation of these results will merit further exploration
along this direction. The first result is a unified theory of all known interactions
and Higgs fields as components of gravity in noncommutative spacetime [11].
Thanks are due to Nguyen Van Dat (ITI-VNU) and Do Van Thanh (Depart-
ment of Physics, College of Natural Sciences, VNU) for their discussions. The
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